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A 2-distance coloring of a (simple) graph G is a proper vertex coloring such that any two vertices at
distance at most two from each other receive distinct colors; equivalently, it is a proper coloring of the
square G2. The least number of colors needed for such a coloring is the 2-distance chromatic number of
G, denoted χ2(G). Trivially, χ2(G) ≥ ∆(G) + 1. G. Wegner [“Graphs with given diameter and a coloring
problem”, Technical Report, University of Dortmund (1977)] conjectured that, for every planar graph
G, χ2(G) ≤ 7 when ∆(G) = 3, χ2(G) ≤ ∆(G) + 5 when 4 ≤ ∆(G) ≤ 7, and χ2(G) ≤ ⌊3∆(G)/2⌋ + 1
when ∆(G) ≥ 8. The case ∆(G) = 3 was settled by C. Thomassen [J. Comb. Theory, Ser. B 128, 192–218
(2018; Zbl 1375.05110)] and independently by S. G. Hartke et al. [“The chromatic number of the square of
subcubic planar graphs”, Preprint, arXiv:1604.06504], but otherwise the conjecture remains open. For a
dynamic survey of the area, see [D. W. Cranston, Electron. J. Comb. DS25, 42 p. (2023; Zbl 1519.05072)].
In this paper, the author considers the case of planar graphs G of girth at least five. For this class,
the bound χ2(G) ≤ ∆(G) + 4 has previously been established under successively lower thresholds on
∆(G): for ∆(G) ≥ 150 by W. Dong and W. Lin [Discrete Appl. Math. 217, Part 3, 495–505 (2017; Zbl
1358.05101)], and for ∆(G) ≥ 40 by Y. D. Jin and L. Y. Miao [Acta Math. Appl. Sin., Engl. Ser. 38,
No. 3, 540–548 (2022; Zbl 1492.05045)] as a consequence of an analogous statement for list 2-distance
colorings. The main result of this paper is to lower the threshold on ∆(G) for which the bound ∆(G) + 4
is known: precisely, that χ2(G) ≤ ∆(G) + 4 for any planar graph G with girth at least 5 and ∆(G) ≥ 22.
The proof is by the discharging method applied to a minimal counterexample. The author introduces a
classification of vertices into “light” and “heavy”. Writing D(v) =

∑
u∈N(v) d(u), a vertex v is called light

if D(v) < ∆(G) + 4 + n3
2(v), where n3

2(v) is the number of 2-neighbors of v that are adjacent to a 3-vertex
other than v; and heavy if D(v) ≥ ∆(G) + 4 + nl(v), where nl(v) is the number of light neighbors of
v. A direct color-availability argument shows that every neighbor of a light vertex must be heavy, from
which the author derives a number of forbidden configurations involving vertices of small degree. The
hypothesis ∆(G) ≥ 22 enters through inequalities of the form D(v) ≥ ∆(G) + 4 + nl(v) ≥ 26 that are
used to force certain neighbors of v to have sufficiently high degree.
The improvement is purely on the threshold; the bound ∆(G) + 4 itself is unchanged from the prior work
of Jin-Miao [loc. cit.] and Dong-Lin [loc. cit.]. Closing the gap with the bound χ2(G) ≤ ∆(G) + 3 for
∆(G) ≥ 339 due toW. Dong and B. Xu [J. Comb. Optim. 34, 1302–1322 (2017; Zbl 1373.05063)] remains
an open problem.

Reviewer: Brahadeesh Sankarnarayanan (Jodhpur)

MSC:
05C15 Coloring of graphs and hypergraphs
05C10 Planar graphs; geometric and topological aspects of graph theory
05C12 Distance in graphs

Keywords:
coloring; 2-distance coloring; girth; distance; planar graph

Full Text: DOI

References:
[1] Bonamy, M.; Leveque, B.; Pinlou, A., Graphs with maximum degree Δ � 17 and maximum average degree less than 3 are

list 2-distance (Δ + 2)-colorable, Discrete Math., 317, 19-32, 2014 · Zbl 1279.05020 · doi:10.1016/j.disc.2013.10.022
[2] Bu, Y.; Shang, C., List 2-distance coloring of planar graphs without short cycles, Discrete Math. Algorithms Appl., 8, 1,

1650013, 2016 · Zbl 1333.05085 · doi:10.1142/S1793830916500130

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2026 FIZ Karlsruhe GmbH Page 1

https://zbmath.org/
https://zbmath.org/authors/?q=ai:deniz.zakir
https://zbmath.org/08184176
https://zbmath.org/08184176
https://zbmath.org/journals/?q=se:1050
https://zbmath.org/?q=in:541156
https://zbmath.org/?q=an:1375.05110
arXiv:1604.06504
https://zbmath.org/?q=an:1519.05072
https://zbmath.org/?q=an:1358.05101
https://zbmath.org/?q=an:1358.05101
https://zbmath.org/?q=an:1492.05045
https://zbmath.org/?q=an:1373.05063
https://zbmath.org/authors/?q=sankarnarayanan.brahadeesh
https://zbmath.org/classification/?q=cc:05C15
https://zbmath.org/classification/?q=cc:05C10
https://zbmath.org/classification/?q=cc:05C12
https://zbmath.org/?q=ut:coloring
https://zbmath.org/?q=ut:2-distance+coloring
https://zbmath.org/?q=ut:girth
https://zbmath.org/?q=ut:distance
https://zbmath.org/?q=ut:planar+graph
https://dx.doi.org/10.1007/s10255-025-0055-0
https://zbmath.org/1279.05020
https://dx.doi.org/10.1016/j.disc.2013.10.022
https://zbmath.org/1333.05085
https://dx.doi.org/10.1142/S1793830916500130
https://www.fiz-karlsruhe.de/
http://www.euro-math-soc.eu/
https://www.hadw-bw.de/


[3] Bu, Y.; Zhu, X., An optimal square coloring of planar graphs, J. Comb. Optim., 24, 580-592, 2012 · Zbl 1261.05022 ·
doi:10.1007/s10878-011-9409-z

[4] Cranston, D. W. Coloring, list coloring, and painting squares of graphs (and other related problems). Electron. J. Comb.,
DS25, (2023) · Zbl 1519.05072

[5] Deniz, Z., Some results on 2-distance coloring of planar graphs with girth five, J. Comb. Optim., 47, 68, 2024 · Zbl 1558.05049
· doi:10.1007/s10878-024-01169-z

[6] Deniz, Z., An improved bound for 2-distance coloring of planar graphs with girth six, Discret. Appl. Math., 361, 121-135,
2025 · Zbl 1560.05042 · doi:10.1016/j.dam.2024.09.035

[7] Dong, W.; Xu, B., 2-distance coloring of planar graphs with girth 5, J. Comb. Optim., 34, 1302-1322, 2017 · Zbl 1373.05063
· doi:10.1007/s10878-017-0148-7

[8] Dong, W.; Lin, W., An improved bound on 2-distance coloring plane graphs with girth 5, J. Comb. Optim., 32, 2, 645-655,
2016 · Zbl 1343.05061 · doi:10.1007/s10878-015-9888-4

[9] Dong, W.; Lin, W., On 2-distance coloring of plane graphs with girth 5, Discret. Appl. Math., 217, 495-505, 2017 · Zbl
1358.05101 · doi:10.1016/j.dam.2016.07.026

[10] Hartke, S. G., Jahanbekam, S., Thomas, B. The chromatic number of the square of subcubic planar graphs. arXiv preprint
arXiv: 1604.06504, (2016)

[11] Heuvel, J. v d.; McGuinness, S., Coloring of the square of planar graph, J. Graph Theory, 42, 110-124, 2003 · Zbl 1008.05065
· doi:10.1002/jgt.10077

[12] Jin, Y. D.; Miao, L. Y., List 2-distance Coloring of Planar Graphs with Girth Five, Acta Math. Appl. Sin., Engl., 38, 3,
540-548, 2022 · Zbl 1492.05045 · doi:10.1007/s10255-022-1097-1

[13] La, H., 2-distance list (Δ + 3)-coloring of sparse graphs, Graphs Combin., 38, 6, 167, 2022 · Zbl 1498.05100 · doi:10.1007/s00373-
022-02572-1

[14] La, H.; Montassier, M., 2-distance list (Δ + 2)-coloring of planar graphs with girth at least 10, J. Comb. Optim., 44, 2,
1356-1375, 2022 · Zbl 1528.05025 · doi:10.1007/s10878-022-00883-w

[15] Molloy, M.; Salavatipour, M. R., A bound on the chromatic number of the square of a planar graph, J. Comb. Theory Ser.
B, 94, 189-213, 2005 · Zbl 1071.05036 · doi:10.1016/j.jctb.2004.12.005

[16] Thomassen, C., The square of a planar cubic graph is 7-colorable, J. Comb. Theory Ser. B, 128, 192-218, 2018 · Zbl 1375.05110
· doi:10.1016/j.jctb.2017.08.010

[17] Wegner, G., Graphs with given diameter and a coloring problem, 1977
[18] West, D. B., Introduction to graph theory, Volume 2, 2001, Upper Saddle River: Prentice hall, Upper Saddle River

This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items are heuristically
matched to zbMATH identifiers and may contain data conversion errors. In some cases that data have been complemented/enhanced
by data from zbMATH Open. This attempts to reflect the references listed in the original paper as accurately as possible without
claiming completeness or a perfect matching.

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2026 FIZ Karlsruhe GmbH Page 2

https://zbmath.org/1261.05022
https://dx.doi.org/10.1007/s10878-011-9409-z
https://zbmath.org/1519.05072
https://zbmath.org/1558.05049
https://dx.doi.org/10.1007/s10878-024-01169-z
https://zbmath.org/1560.05042
https://dx.doi.org/10.1016/j.dam.2024.09.035
https://zbmath.org/1373.05063
https://dx.doi.org/10.1007/s10878-017-0148-7
https://zbmath.org/1343.05061
https://dx.doi.org/10.1007/s10878-015-9888-4
https://zbmath.org/1358.05101
https://zbmath.org/1358.05101
https://dx.doi.org/10.1016/j.dam.2016.07.026
https://zbmath.org/1008.05065
https://dx.doi.org/10.1002/jgt.10077
https://zbmath.org/1492.05045
https://dx.doi.org/10.1007/s10255-022-1097-1
https://zbmath.org/1498.05100
https://dx.doi.org/10.1007/s00373-022-02572-1
https://dx.doi.org/10.1007/s00373-022-02572-1
https://zbmath.org/1528.05025
https://dx.doi.org/10.1007/s10878-022-00883-w
https://zbmath.org/1071.05036
https://dx.doi.org/10.1016/j.jctb.2004.12.005
https://zbmath.org/1375.05110
https://dx.doi.org/10.1016/j.jctb.2017.08.010
https://www.fiz-karlsruhe.de/
http://www.euro-math-soc.eu/
https://www.hadw-bw.de/

